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Abstract
We consider a Generalized Uncertainty Principle (GUP) framework which predicts a maximal
uncertainty in momentum and minimal uncertainties both in position and momentum. We apply
supersymmetric quantum mechanics method and the shape invariance condition to obtain the exact
harmonic oscillator eigenvalues in this GUP context. We find the supersymmetric partner Hamil-
tonians and show that the harmonic oscillator belongs to a hierarchy of Hamiltonians with a shift
in momentum representation and different masses and frequencies. We also study the effect of a
uniform electric field on the harmonic oscillator energy spectrum in this setup.
Keywords: Harmonic Oscillator; Generalized Uncertainty Principle; Supersymmetric Quantum
Mechanics.
1 Introduction
The assumption of the continuity of spacetime manifold may be broken at high energy limit. In this limit
the effects of gravity are so important that would result in discreetness of the spacetime. In the context of
quantum gravity, the Heisenberg uncertainty principle should be modified to the so-called Generalized
Uncertainty Principle (GUP). This generalization leads to a nonzero minimal uncertainty in position
measurements. In ordinary quantum mechanics we can make ∆x arbitrarily small by letting ∆p grow
correspondingly, but in the GUP framework there exists a nonzero and minimal position uncertainty.
Various candidates of quantum gravity such as the string theory, loop quantum gravity, and quantum
geometry [1–23] all indicate the existence of a minimal measurable length of the order of the Planck
length ℓpl =
√
Gh¯
c3 ≈ 10−35m. Kempf et al. proposed a GUP proposal that implies a minimal length and
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constructed the Hilbert space representation of quantum mechanics in this GUP framework [12]. On
the other hand, since the curvature of spacetime is important at large distances and the notion of the
plane wave does not hold on the curved spacetime, the existence of a nonzero minimal uncertainty in
momentum is also inevitable [24]. The idea of a maximal observable momentum can also be incorporated
into this scenario based on the Doubly Special Relativity (DSR) theories where the Planck energy (Planck
momentum) is considered as an additional invariant other than the velocity of light [25–27]. Ali, Das and
Vagenas have recently proposed the following commutation relation between position and momentum
operators that implies minimal length and maximal momentum uncertainties:
[x, p] = ih¯(1 + 2α¯2p2 − α¯p), (1)
where its Hilbert space representation is also constructed in Ref. [23].
Supersymmetric Quantum Mechanics (SUSYQM) is an application of the idea of supersymmetry to
quantum mechanics. Supersymmetry proposes that to each fermion there exists a boson and vice versa.
So, we can think of supersymmetry as proposing that a symmetry exists between bosons and fermions,
and that in nature, there are equal numbers of fermion and boson states. SUSYQM involves pairs of
Hamiltonians which share a particular mathematical relationship, which are called partner Hamiltonians.
For every eigenstate of one Hamiltonian, its partner Hamiltonian has a corresponding eigenstate with
the same energy (except possibly for zero energy eigenstates). This fact can be exploited to deduce
many properties of the eigenstate spectrum. It is analogous to the original description of SUSY, which
referred to bosons and fermions. One can imagine a bosonic Hamiltonian, whose eigenstates are the
various bosons of the theory. The SUSY partner of this Hamiltonian would be fermionic, and its
eigenstates would be the theory’s fermions. Each boson would have a fermionic partner of equal energy
but, in the relativistic world, energy and mass are interchangeable, so we can just as easily say that the
partner particles have equal mass. For more details and also machinery of SUSYQM see Refs. [28, 29].
The problem of the harmonic oscillator has attracted much attention in various GUP frameworks. In
Ref. [12] this problem is exactly solved in the presence of a minimal length. Quesne and Tkachuk studied
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this problem with nonzero uncertainties in both position and momentum in the supersymmetric frame-
work [30]. We can use SUSYQM to construct exact solutions of many quantum mechanical problems. A
certain class of exactly solvable potentials have a property known as the shape invariance [31–33]. The
potentials that their SUSY partner has the same spatial dependence with possibly altered parameters are
shape invariant potentials. If a potential satisfies this condition, we can obtain the energy eigenvalues
and eigenfunctions without solving the differential equation [34, 35]. The SUSYQM method plus the
shape invariance is related to the factorization method developed by Schro¨dinger, Infeld and Hull [36].
In this Letter, we apply SUSYQM method and the notion of the shape invariance on the eigenvalue
problem of the harmonic oscillator in a GUP framework that predicts maximal uncertainty in momentum
and minimal uncertainties in both position and momentum. In this case x and p satisfy the following
modified commutation relation
[x, p] = ih¯(1 + ρ¯x2 + 2α¯2p2 − α¯p), (2)
with ρ¯ ≥ 0, α¯ ≥ 0, and ρ¯α¯ < h¯−2. We obtain the supersymmetric partner Hamiltonian of the harmonic
oscillator and show that the harmonic oscillator belongs to a hierarchy of Hamiltonians with a shift in
momentum representation and with different masses and frequencies. Finally we study the effect of a
uniform electric field on the harmonic oscillator energy spectrum in this setup.
2 One-dimensional harmonic oscillator in the GUP framework
In this section, using the SUSYQM method, we obtain the harmonic oscillator energy spectrum in
the GUP framework which implies maximal uncertainty in momentum and minimal uncertainties in
both position and momentum. First let us introduce dimensionless position and momentum operators,
X = x/a and P = pa/h¯, where a =
√
h¯/(mω) is known as the oscillator’s length. These dimensionless
operators, satisfy the following deformed commutation relation
[X,P ] = i(1 + ρX2 + 2α2P 2 − αP ), (3)
where ρ = ρ¯h¯/(mω) and α = α¯
√
mh¯ω, are the dimensionless parameters.
3
Notice that, minimal length, minimal momentum and maximal momentum all stand for the uncer-
tainties. These are not a test particle’s characteristics, but these are limitations on measurement of
position or momentum for a test particle. In other words, we do not suppose a test particle that has
minimal momentum and maximal momentum at the same time. Minimal momentum and maximal
momentum are natural cutoffs on particle’s momentum measurement. Indeed, a test particle’s momen-
tum cannot be less than the minimal momentum and cannot be larger than the maximal momentum.
Note that it is supposed nontrivially that minimal uncertainty in momentum measurement leads to the
existence of a minimal momentum for a test particle. Also a test particle’s momentum cannot be arbi-
trarily imprecise and therefore there is an upper bound for momentum fluctuations. We suppose, as a
nontrivial assumption, that this upper bound for momentum fluctuation defines a maximal measurable
momentum for a test particle. So, we can define a GUP that contains all possible natural cutoffs as the
minimal length, minimal momentum and maximal momentum as bounds on measurement of position
and momentum. This does not mean that a particle has these features simultaneously, but it means that
measurement of position and momentum for a test particle is bounded to these natural cutoffs. From
the mathematical grounds, the relation (3) gives these natural cutoffs simultaneously.
The expression
h =
H
h¯ω
=
1
2
(P 2 +X2), (4)
is a harmonic oscillator Hamiltonian in terms of the dimensionless parameters with the following eigen-
value problem
h|ψn〉 = en|ψn〉, n = 0, 1, 2, ... (5)
where en = En/h¯ω. In order to obtain the energy eigenvalues en, first we show that the Hamiltonian
is factorizable, then we prove that this factorized Hamiltonian satisfies the shape invariance condition.
Now, we try to factorize the Hamiltonian as
h0 = B
+(g0, s0, ν0)B
−(g0, s0, ν0) + ǫ0, (6)
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where
B±(g0, s0, ν0) =
1√
2
(
s0X ∓ ig0P ∓ iν0
)
, (7)
and ǫ0 is the factorization energy. Note that a new parameter namely ν0, is introduced in the definition
of B± due to the existence of an additional momentum term in the modified commutation relation. By
inserting B± into the factorized Hamiltonian (6), we obtain the expression
h0 =
1
2
[(g20 − 2α2s0g0)P 2 + (s20 − ρs0g0)X2 + (αs0g0 + 2ν0g0)P − s0g0 + ν20 ] + ǫ0. (8)
So Eq. (4) implies the following four conditions:
g20 − 2α2s0g0 = 1, (9)
s20 − ρs0g0 = 1, (10)
αs0g0 + 2ν0g0 = 0, (11)
1
2
g0s0 − 1
2
ν20 = ǫ0. (12)
The solutions of the above equations are given by
g0 = s0k, s0 =
1√
1− ρk , ν0 = −
α
2
s0, (13)
where
k ≡ 1
2
(2α2 − ρ) +
√
1 +
1
4
(2α2 − ρ)2. (14)
Therefore, we can write the dimensionless Hamiltonian h in the form of Eq. (6) with the factorization
energy that is obtained in Eq. (12). We write a hierarchy of Hamiltonians as
hi = B
+(gi, si, νi)B
−(gi, si, νi) +
i∑
j=0
ǫj , (15)
where i = 0, 1, 2, .... In order to obtain the parameters si, gi and νi, the shape invariance condition
should be satisfied
B−(gi, si, νi)B
+(gi, si, νi) = B
+(gi+1, si+1, νi+1)B
−(gi+1, si+1, νi+1) + ǫi+1. (16)
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After inserting B± in the above equation and using the commutation relation, we have
1
2
[(g2i + 2α
2sigi)P
2 + (s2i + ρsigi)X
2 + (2νigi − αsigi)P + sigi + ν2i ] =
1
2
[(g2i+1 − 2α2si+1gi+1)P 2
+(s2i+1 − ρsi+1gi+1)X2 + (2νi+1gi+1 + αsi+1gi+1)P − si+1gi+1 + ν2i+1] + ǫi+1. (17)
So we find four additional conditions as:
g2i+1 − 2α2si+1gi+1 = g2i + 2α2sigi, (18)
s2i+1 − ρsi+1gi+1 = s2i + ρsigi, (19)
2νi+1gi+1 + αsi+1gi+1 = 2νigi − αsigi, (20)
1
2
(sigi + si+1gi+1) +
1
2
(ν2i − ν2i+1) = ǫi+1. (21)
If we multiply Eqs. (18) and (19) respectively by ρ and 2α2, we obtain
g2i+1 − γ2s2i+1 = g2i − γ2s2i , (22)
where γ ≡
√
2α2
ρ . Now it is useful to combine the parameters gi and si and introduce new parameters
ui = gi + γsi, vi = gi − γsi, (23)
Their inverse transformations are
gi =
1
2
(ui + vi), si =
1
2γ
(ui − vi), (24)
and the assumption gi, si > 0 implies ui > |vi|. Thus, using Eqs. (18) and (19), we obtain
u2i+1 + qv
2
i+1 = v
2
i + qu
2
i , (25)
ui+1vi+1 = uivi, (26)
where
q =
1 +
√
2α2ρ
1−
√
2α2ρ
. (27)
Based on Eqs. (25) and (26) let us introduce new parameters fi and ti as
fi = uivi, ti =
vi
ui
, (28)
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where they have the same sign as vi, and |ti| < 1. Also we have
fi = f0, ti = q
−it0, ui = q
i/2u0, vi = q
−i/2v0. (29)
Using Eq. (20) and ν0 as given in Eq. (13) we obtain
νi+1 =
1
gi+1

−αs0g0 − α

 i∑
j=1
sjgj +
1
2
si+1gi+1



 . (30)
So we also have
νi =
−α
gi

i−1∑
j=0
sjgj +
1
2
sigi

 . (31)
Now Eqs. (24) and (29) lead to
νi =
−2α
qi/2u0(1 +
t0
qi )
{
u20
4γ
[(
1− t
2
0
qi−1
)
[i]q +
1
2
(
qi − t
2
0
qi
)]}
, (32)
where we used the following definition
[i]q =
qi − 1
q − 1 . (33)
We write the eigenvalues of the Hamiltonian as
en(q, t0) =
n∑
i=0
ǫi =
n−1∑
i=0
ǫi+1 + ǫ0 =
1
2
n−1∑
i=0
(sigi + si+1gi+1) +
1
2
n−1∑
i=0
(ν2i − ν2i+1) + ǫ0. (34)
By writing the first term in the right-hand side of the above equation as
n−1∑
i=0
sigi − 1
2
n−1∑
i=0
(sigi − si+1gi+1), (35)
and using the relation
∑n−1
k=0 (ak − ak+1) = a0 − an, we obtain
en(q, t0) =
n−1∑
i=0
sigi +
1
2
sngn − 1
2
ν2n. (36)
Finally, after inserting the explicit values of the parameters, we find the energy eigenvalues as
en(q, t0) =
u20
4γ
[(
1− t
2
0
qn−1
)
[n]q +
1
2
(
qn − t
2
0
qn
)]{
1− 2α
2
qnu20(1 +
t0
qn )
2
u20
4γ
[(
1− t
2
0
qn−1
)
[n]q +
1
2
(
qn − t
2
0
qn
)]}
.
(37)
The first term in the above equation agrees with the harmonic oscillator energy spectrum in the presence
of the minimal uncertainties in both position and momentum measurements [30]. Moreover, the shift
in the energy spectrum due to the minimal length, minimal momentum, and maximal momentum is
smaller than the shift in the presence of minimal length and minimal momentum.
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2.1 Special Case (limit ρ→ 0)
Now we consider a special case where one of the GUP parameters, namely ρ which corresponds to
the minimal momentum tends to zero. In this case, we only have the minimal length and maximal
momentum uncertainties [25]
[X,P ] = i(1 + 2α2P 2 − αP ). (38)
Also, at this limit, q takes the form
q ≃ 1 + 2
√
2α2ρ+O(ρ), (39)
and
qn ≃ 1 + 2n
√
2α2ρ+O(ρ), [n]q ≃ n+O(√ρ). (40)
The terms in the brackets in the energy spectrum (37) become
1
4γ
(
u20 −
v20
qn−1
)
≃ g0s0 + 1
2
(2α2)s20(n− 1) +O(
√
ρ), (41)
1
8γ
(
u20q
n − v
2
0
qn
)
≃ 1
2
g0s0 +
1
2
(2α2)s20n+O(
√
ρ). (42)
Moreover, the parameters g0 and s0 are given by
g0 ≃ 1
2
(2α2) +
√
1 +
1
4
(2α2)2 +O(ρ), s0 ≃ 1 +O(ρ), (43)
and
2α2
qn
(
u0 +
v0
qn
)2 ≃ 2α
2
(
1− 2n
√
2α2ρ
)
[
2g0(1− n
√
2α2ρ) + 2ns0(2α2)
]2 . (44)
Using these results, the energy spectrum takes the form
en ≃
[(
n+
1
2
)√
1 +
1
4
(2α2)2 +
1
2
(2α2)
(
n2 + n+
1
2
)]
×

1−
α2(1− 2n
√
2α2ρ)
2
[(
α2 +
√
1 + α4
)
(1− n
√
2α2ρ) + 2nα2
]2
[(
n+
1
2
)√
1 +
1
4
(2α2)2 +
1
2
(2α2)
(
n2 + n+
1
2
)]
 , (45)
where the first bracket is the energy spectrum of the harmonic oscillator in the presence of the minimal
length (eminn ) if we replace 2α
2 with β where [X,P ] = 1+ βP 2 [30]. Notice that, the above equation can
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be written as en = e
min
n − ∆ where ∆ is a positive term. Indeed, as it can be seen from figure 1, the
presence of the minimal length and maximal momentum decreases the energy spectrum with respect to
the existence of just the minimal length. This effect is also observed in the perturbative study of the
problem [14].
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Figure 1: Comparing en for ρ = 10−4 and α = 1 in three scenarios.
2.2 Supersymmetric partner
Using Eq. (15) the Hamiltonians of the SUSYQM hierarchy can be written as
hi =
1
2
[
(g2i − 2α2gisi)P 2 + (s2i − ρgisi)X2 + (2giνi + αgisi)P − gisi + ν2i
]
+
i∑
j=0
ǫj . (46)
It can also be expressed as
hi =
1
2
(aiP
2 + biX
2) + ciP + di, (47)
where
ai = g
2
i − 2α2gisi =
u20
2(q + 1)
(qi + t0)
(
1 +
t0
qi−1
)
, (48)
bi = s
2
i − ρgisi =
u20
2γ2(q + 1)
(qi − t0)
(
1− t0
qi−1
)
, (49)
ci = 2giνi + αgisi = −u20
√
ρ
8
(
1− t
2
0
qi−1
)
[i]q, (50)
di =
i∑
j=0
ǫj − 1
2
gisi +
1
2
ν2i =
u20
4γ
(
1− t
2
0
qi−1
)
[i]q. (51)
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So the Hamiltonian in terms of the variables with dimensions are given by
Hi ≡ h¯ωhi = p
2
2mi
+
1
2
miω
2
i x
2 + ci
√
h¯ω
m
p+ dih¯ω, (52)
where mi = m/ai and ωi =
√
aibiω. Equivalently we have
Hi =
1
2mi
(
p+ ci
√
mih¯ω
ai
)2
+
1
2
miω
2
i x
2 − 1
2
(
c2i
ai
− 2di
)
h¯ω, (53)
Therefore, in the GUP framework, the harmonic oscillator belongs to a hierarchy of Hamiltonians with
a shift in momentum space and with different masses and frequencies.
3 One-dimensional harmonic oscillator in a uniform electric
field
Now let us study a particle with massm and charge q¯ in the presence of the harmonic oscillator potential
V (x) = 1
2
mω2x2 and a uniform electric field ε¯. The Hamiltonian of this system is
H =
p2
2m
+
1
2
mω2x2 − q¯ε¯x, (54)
which can be written in terms of the dimensionless operators as
h =
H
h¯ω
=
1
2
(P 2 +X2)− εX, (55)
where ε = q¯ε¯a/(h¯ω). Again, in order to find the exact energy spectrum we factorize the Hamiltonian as
h0 = B
+(g0, s0, ν0, r0)B
−(g0, s0, ν0, r0) + ǫ0, (56)
where ǫ0, is the factorization energy and B
± are defined as
B±(g0, s0, ν0, r0) =
1√
2
(s0X ∓ ig0P ∓ iν0 + r0). (57)
Here r0 is the new parameter that corresponds to the nonzero electric field. Now we have
h0 =
1
2
[(g20 − 2α2g0s0)P 2 + (s20 − ρg0s0)X2 + (2g0ν0 + αs0g0)P + 2r0s0X − g0s0 + r20 + ν20 ] + ǫ0. (58)
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This equation yields five conditions on the parameters which three of them are the same as Eqs. (9-11).
The remaining conditions are
r0s0 = −ε, (59)
1
2
(g0s0 − r20 − ν20 ) = ǫ0. (60)
Also the hierarchy of Hamiltonians is
hi = B
+(gi, si, νi, ri)B
−(gi, si, νi, ri) +
i∑
j=0
ǫj , (61)
and the shape invariance condition reads
B−(gi, si, νi, ri)B
+(gi, si, νi, ri) = B
+(gi+1, si+1, νi+1, ri+1)B
−(gi+1, si+1, νi+1, ri+1) + ǫi+1, (62)
Similar to the absence of the electric field, the above equation gives five conditions on the parameters
which three of them are the same as Eqs. (18-20) and the other two conditions are given by
ri+1si+1 = risi, (63)
ǫi+1 =
1
2
(sigi + si+1gi+1) +
1
2
(ν2i − ν2i+1) +
1
2
(r2i − r2i+1). (64)
Now following Ref. [37] parameters ri read
ri =
−2γε
u0
q−i/2
(
1− t0
qi
)−1
. (65)
In addition, Eq. (64) gives the energy spectrum as
en(q, t0, ε) =
n∑
i=0
ǫi =
n−1∑
i=0
sigi +
1
2
sngn − 1
2
ν2n −
1
2
r2n = en(q, t0, 0) + ∆en(q, t0, ε), (66)
where en(q, t0, 0) is the energy spectrum in the absence of the electric field and ∆en(q, t0, ε), is the shift
due to the presence of the electric field
∆en(q, t0, ε) = −2γ
2ε2
u20
q−n
(
1− t0
qn
)−2
. (67)
Finally, the Hamiltonians of the SUSYQM hierarchy can be written as
Hi ≡ h¯ωhi = 1
2mi
(
p+ ci
√
mih¯ω
ai
)2
+
1
2
miω
2
i x
2 − 1
2
(
c2i
ai
− 2di
)
h¯ω − q¯ε¯x. (68)
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Thus, in the presence of a uniform electric field, the harmonic oscillator belongs to a hierarchy of
Hamiltonians with a shift in momentum space and with different masses and frequencies but with the
same electric field.
4 Conclusions
In this Letter, we have considered a GUP framework that admits maximal momentum uncertainty and
nonzero minimal position and momentum uncertainties. We applied the supersymmetric quantum me-
chanics method and the shape invariance condition in order to find the exact GUP-corrected harmonic
oscillator energy spectrum without solving the corresponding generalized Schro¨dinger equation. The
results show that although the shift in the energy spectrum is positive, it is smaller with respect to
the case with minimal position and momentum uncertainties. We obtained the supersymmetric partner
Hamiltonians and showed that the GUP-corrected harmonic oscillator belongs to a hierarchy of Hamil-
tonians of the same type but with a shift in momentum space and with different masses and frequencies.
Finally, we have studied the effects of a uniform electric field on this modified harmonic oscillator energy
spectrum.
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